This corollary was proved by R. Fortet [4] ; it is also stated in some text books of probability [2, 5] , as well as in a paper by P. Levy [7] . Theorem 1 is somewhat more general; the proof given here is similar to the proof 
We have thus shown that the Taylor series of φ (z) and also that of φ (z)
around ξ converge in circles of radii at least equal to p. The same is therefore true for the expansion of φ(z) around ξ; thus we conclude that the function φ(z) is analytic at least in the strip
The analyticity of φ(z) in a horizontal strip follows also from a result of R. P. Boas [ 1 ] . Boas showed that the Fourier-Stieltjes transform of a bounded and never-decreasing function is analytic in a horizontal strip provided that it is analytic in a neighborhood of the origin.
We show next that the representation of the characteristic function by the Fourier integral (l l) is valid in the strip -p < $(2:) <*+ p.
We saw above that the series Z^V = Q \y\ Thus for any ζ and | y \ < p the integral is convergent. This integral is an analytic function in its strip of convergence and agrees with φ{z) for real z; therefore it must agree with φ{z) also for complex values z -ζ + iy provided \y\ <P.
We are now in a position to formulate our main result. 
Now ^(z) and & 2 (z) are Laplace integrals, convergent in the half-planes

SX z) > -α and cSLC z) < β, respectively. Let z = iw; then iz --w. If z -ζ + iy,
then w = -i ζ + y thus EAiw) = Γ e' wx dF(x) ^ Φ(w) 1 JQ is convergent for K(tυ) > -α.
It is known that the Laplace transform g(s) = f o°° e st dG(t)
of a monotonic function G(t) has a singularity at the real point of its axis of convergence. For a proof the reader is referred to [9, p. 58] . This theorem is similar to well-known theorems in power series and Dirichlet series. From the fact that F(x) is nondecreasing we conclude therefore that -CC is a singular point of Φ(tt ). Thus -ΐ OC is a singular point of φ(z). In the same way it is also seen that iβ is a singular point of φ(z ).
Theorem 2 was stated without proof in a recent paper by D. Dugue' [3] , and is indicated in a footnote of an earlier paper by P. LeVy [7] .
An immediate consequence of the preceding result is this: COROLLARY 2. Λ necessary condition that a function analytic in some 622 EUGENE LUKACS AND OTTO SZA'SZ neighborhood of the origin be a characteristic function is that in either half-plane the singularity nearest to the real axis be located on the imaginary axis.
4.
Applications. In the following we discuss some applications of our new results.
The corollary to Theorem 2 can sometimes be used to decide whether the the quotient of two characteristic functions is again a characteristic function.
We illustrate this by an example. Let This result is due to Dugue' [3] .
We also obtain: An important theorem on analytic characteristic functions is due to P. Levy [6] 
(t).
This theorem was originally proven by P. Le'vy [6; 7] only for entire characteristic functions; a simple proof may be found in [3] From the foregoing theorem we easily deduce: Then also φ( -t) is a characteristic function, as is 1 φ(t) = φ(t)φ(-t) =.
The characteristic functions φ(t) and φ(-t) are analytic characteristic functions with zeros in their strip of convergence: hence they are not characteristic functions of infinitely divisible laws. Their product φ(t) is the characteristic function of the Laplace distribution, which is known to be infinitely divisible.
